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We prove a new characterization of the heart WH and of the de-
rived DH of a ﬁnite semihypergroup H of type U on the right, in
terms of its hyperproducts. Consequently, we characterize the min-
imal size of the proper semihypergroups H of type U on the right
such that WH = DH = H , WH = DH = H , or WH = DH = H . More-
over, we obtain new results on the fundamental relations β and γ
on ﬁnite semihypergroups of type U on the right. In particular, we
prove that γ is transitive, β is transitive if |H | 8, and that there
exist semihypergroups of type U on the right of size  9 where β
is not transitive. Hence, the minimal size for a semihypergroup of
type U on the right to have a nontransitive β is 9.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Hypergroups of type U on the right were introduced in [12] to analyze properties of quotient hy-
pergroups H/h of a hypergroup H with respect to a subhypergroup h ⊂ H ultraclosed on the right.
The class of hypergroups of type U on the right is rather wide [2,4–7,12–14,17,18], since it includes
that of hypergroups of type C on the right [20,21,26] and, in particular, that of cogroups [8,22,23]
and that of quotient hypergroups G/g of a group G with respect to a non-normal subgroup g ⊂ G
(D-hypergroups) [8,22,23,27]. The papers [13,18] are indeed quite relevant in this context; the for-
mer introduces the concept of homology hypergroup within the category of hypergroups of type U
on the right, and some results already known in the ﬁeld of homology of abelian groups are ex-
tended to non-commutative groups; the latter furthers the analysis of relationships existing between
hypergroups of type U and hypergroups of double cosets.
Recently, in the paper [9] the authors proved the existence of ﬁnite semi-hypergroups of type U
on the right and used this result to construct hypergroups of this kind with a stable part which is not
a subhypergroup. Moreover, in [10] they proved that there exists a unique proper semihypergroup
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have a stable part which is not a subhypergroup is 9. Furthermore, in [10], the authors extended
to the context of semihypergroups of type U on the right the concepts of heart WH and derived
hypergroups DH , see [11,15,16]. These concepts have been introduced in a uniﬁed way as kernels of
suitably deﬁned morphisms, and the authors have proved that if H is a proper semihypergroup the
type U on the right such that |H| 11, then WH = DH = H .
In the present paper, we determine the minimal size of H such that WH = DH = H , or WH =
DH = H , or WH = DH = H . The plan of this paper is as follows: After introducing in the next section
some preliminary deﬁnitions and basic results, in Section 3 we determine a new characterization of
the heart of ﬁnite semihypergroups H of type U on the right. In particular, we prove that the heart
of H is the union of the hyperproducts containing the scalar identity ε. In Section 4 we ﬁnd a family
of semihypergroups of type U on the right with |H| 9 such that the fundamental relation β is not
transitive. Moreover, we show that if |H| 8 then β is transitive. In Section 5, we prove that if H is a
semihypergroup left-reproducible the relation γ is transitive (in particular, all ﬁnite semihypergroups
of type U on the right are left-reproducible). Finally, the results of the subsequent two sections allow
us to prove that if H is a ﬁnite and proper semihypergroup of type U on the right, then
1. WH = DH = H ⇒ |H| 12;
2. WH = DH = H ⇒ |H| 36;
3. WH = DH = H ⇒ |H| 360.
2. Basic deﬁnitions and results
A semihypergroup is a non-empty set H with a hyperproduct, that is, a possibly multivalued asso-
ciative product. A hypergroup is a semihypergroup H such that xH = Hx = H (this condition is called
reproducibility).
A non-empty subset S of a semihypergroup or hypergroup H is called a subsemihypergroup of H
if it is closed with respect to the hyperproduct, that is, if xy ∈ S for all x, y ∈ S . If the subsemihy-
pergroup S is respectively a group, a semigroup, or a hypergroup, then we say that S is respectively,
a subgroup, a subsemigroup, or a subhypergroup of H .
2.1. Semihypergroups of type U on the right
If a semihypergroup H contains an element ε with the property that, for all x ∈ H , one has x ∈ xε
(resp., x ∈ εx), then we say that ε is a right identity (resp., left identity) of H . If xε = {x} (resp., εx = {x}),
for all x ∈ H , then ε is a right scalar identity (resp., left scalar identity). The element ε is said to be an
identity (resp., scalar identity or bilateral scalar identity), if it is both right and left identity (resp., right
and left scalar identity).
A semihypergroup or hypergroup H is said to be of type U on the right [2,4,9,10,12,18] if it fulﬁlls
the following axioms:
(U1) H has a right scalar identity ε;
(U2) For all x, y ∈ H , x ∈ xy ⇒ y = ε.
A semihypergroup of type U on the right that is not a hypergroup is called proper.
For reader’s convenience, we collect in the following lemma some preliminary results from [9,10]:
Lemma 2.1. Let H be a ﬁnite semihypergroup of type U on the right. Then:
(a) Every subsemihypergroup K ⊂ H contains ε [9, Proposition 16], hence K itself is of type U on the right.
(b) For every x ∈ H, the set xˇ =⋃n1 xn is a subsemihypergroup of H.
(c) H and every subsemihypergroup K ⊂ H is left-reproducible, that is, Hx = H and K y = K , for all x ∈ H
and y ∈ K [9, Theorem 19].
(d) The set εH is a subhypergroup of H [10, Lemma 3.1].
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(f) If |H| < 6 then H is a hypergroup [9, Theorem 29].
(g) H is a group if and only if for all b,b′ ∈ H one has ε ∈ b′b ⇒ bb′ = {ε} [10, Lemma 4.7].
Moreover, we denote by H6 = {ε,b, c,d, e, f } the semihypergroup characterized in the following
theorem, see [10, Theorem 3.10]:
Theorem 2.1. Apart of isomorphisms, there exists a unique proper semihypergroup of type U on the right
having order 6; its hyperproduct given by the following table:
ε b c d e f
ε {ε} {b, c} {b, c} {b, c} {b, c} {b, c}
b {b} {ε, c} {ε, c} {ε, c} {ε, c} {ε, c}
c {c} {ε,b} {ε,b} {ε,b} {ε,b} {ε,b}
d {d} H6 − {d} H6 − {d} H6 − {d} H6 − {d} H6 − {d}
e {e} H6 − {e} H6 − {e} H6 − {e} H6 − {e} H6 − {e}
f { f } H6 − { f } H6 − { f } H6 − { f } H6 − { f } H6 − { f }
2.2. Fundamental relations in semihypergroup
If H is a semihypergroup and R ⊂ H × H is an equivalence, we set
ARB ⇔ aRb, ∀a ∈ A, ∀b ∈ B,
for all pairs (A, B) of non-empty subsets of H . The relation R is said to be strongly regular to the right
(resp., to the left), if xRy ⇒ xaRya (resp., xRy ⇒ axRay) for all (x, y,a) ∈ H3.
If H is a semihypergroup, the relation β∗ [3,11,19,24] is the transitive closure of the relation
β =⋃n1 βn , where β1 is the diagonal relation in H and, for every integer n > 1, βn is deﬁned as
follows
xβn y ⇔ ∃(z1, . . . , zn) ∈ Hn: {x, y} ⊂
n∏
i=1
zi .
Let Sn be the symmetric group on {1,2, . . . ,n}. The relation γ ∗ (see [15,16]) is the transitive
closure of the relation γ =⋃n1 γn , where γ1 = β1 is the diagonal relation and, for every integer
n > 1, γn is deﬁned as follows
xγn y ⇔ ∃(z1, . . . , zn) ∈ Hn, ∃σ ∈ Sn: x ∈
n∏
i=1
zi, y ∈
n∏
i=1
zσ (i).
The relations β , β∗ , γ and γ ∗ are said the fundamental relations [1,15,16,25] of the semihyper-
group H . If H is a semihypergroup (resp., a hypergroup), then the relation β∗ is the smallest strongly
regular equivalence on H . The quotient H/β∗ is a semigroup (resp., a group). The relation γ ∗ is the
smallest strongly regular equivalence such that the quotient H/γ ∗ is a commutative semigroup (resp.,
a commutative group).
The relations γ ,γ ∗ were deﬁned and studied in [15,16] in the context of hypergroups, in order
to characterize the derived hypergroup by means of the notion of strongly regular equivalence. We
observe that, for all n  1, one has βn ⊂ γn . As a consequence, we obtain β ⊂ γ , and moreover,
β∗ ⊂ γ ∗ . Finally, note that the canonical projections ϕ : H → H/β∗ and ψ : H → H/γ ∗ are good
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hypergroup of H respectively, see [15,16,24].
In the paper [16] a geometric interpretation of the fundamental relations was found, in the context
of semihypergroups, by showing their relationships with the concepts of geometric spaces and of
polygonals. A geometric space is a pair (S, B) where S is a nonempty set, whose elements are called
points, and B is a family of subsets of S , whose elements are called blocks. A polygonal is an n-tuple
(B1, . . . , Bn) of blocks such that Bi ∩ Bi+1 = ∅ for all i = 1,2, . . . ,n − 1. We consider the relations
∼,≈ deﬁned on S as follows:
• x ∼ y ⇔ x = y or there exists B ∈ B such that {x, y} ⊂ B .
• x ≈ y ⇔ x = y or there exists a polygonal (B1, . . . , Bn) such that x ∈ B1 and y ∈ Bn .
The relation ≈ is the transitive closure of ∼. A geometric space is strongly transitive if the family B is
a covering of S and, for all pair (A, B) of blocks in B one has
A ∩ B = ∅, x ∈ B ⇒ ∃C ∈ B: (A ∪ {x})⊂ C .
By [16, Theorem 2.5], if (S, B) is strongly transitive then ∼ is transitive, that is, ∼ coincides with ≈.
To every semihypergroup H we can associate two geometric spaces (H, P (H)) and (H, Pσ (H)).
The blocks of P (H) are the hyperproducts of the elements of H . The blocks of Pσ (H) are deﬁned
as follows: For all integer n  1 and for all n-tuple (z1, . . . , zn) ∈ Hn , we set B(z1, z2, . . . , zn) =⋃
σ∈Sn zσ(1) · · · zσ(n) . In particular, B(z1) = {z1}.
Obviously, the relations β,β∗ (resp., γ ,γ ∗) coincide with ∼,≈ deﬁned on H from the blocks
of P (H) (resp., Pσ (H)). Moreover, we know from [19, Proposition 3.1.1] and [16, Theorem 3.4]
that if H is a hypergroup then the geometric spaces (H, P (H)) and (H, Pσ (H)) are strongly tran-
sitives.
3. Heart of a ﬁnite semihypergroup of type U on the right
In the paper [10] the authors proved that if H is a ﬁnite semihypergroup of type U on the right,
then the quotient semigroups H/β∗ and H/γ ∗ are groups. This fact allows us to extend the notions
of heart WH and derived hypergroup DH also to the ﬁnite and proper semihypergroups of type U on
the right, in the following way: The heart and the derived of H are respectively the kernels WH =
ϕ−1(1H/β∗ ) and DH = ϕ−1(1H/γ ∗ ) of the canonical morphisms ϕ : H → H/β∗ and ψ : H → H/γ ∗ . We
recall from [10] that
• ϕ(ε) = 1H/β∗ and ψ(ε) = 1H/γ ∗ ;
• WH = ϕ−1(ϕ(ε)) and DH = ψ−1(ψ(ε));
• β∗(x) = ϕ−1(ϕ(x)) = WHx and γ ∗(x) = ψ−1(ψ(x)) = DHx, for all x ∈ H .
In the forthcoming Theorem 3.1 we characterize the heart of H in terms of the hyperproducts
containing the scalar identity ε. We premise the following lemmas:
Lemma 3.1. Let H be a ﬁnite semihypergroup of type U on the right. If P and Q are two hyperproducts of
elements of H such that P ∩ εQ = ∅, then for all x ∈ εQ there exists a hyperproduct T of elements of H such
that P ∪ {x} ⊂ T .
Proof. Suppose P =∏ni=1 zi , Q =∏mi=1 xi , b ∈ P ∩ εQ and x ∈ εQ . Since εH is a subhypergroup of H
(see Lemma 2.1(d)), by right-reproducibility of εH , there exists an element d ∈ εH such that x ∈ bd.
Moreover, by left-reproducibility of H , there exists y ∈ H such that zn ∈ yx. Hence we have
x ∈ bd ⊂
n∏
zid =
n−1∏
zi znd ⊂
n−1∏
zi yxd ⊂
n−1∏
zi yε
m∏
xid =
n−1∏
zi y
m∏
xid.
i=1 i=1 i=1 i=1 i=1 i=1 i=1
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n∏
i=1
zi =
n−1∏
i=1
zi zn ⊂
n−1∏
i=1
zi ybd ⊂
n−1∏
i=1
zi yε
m∏
i=1
xid =
n−1∏
i=1
zi y
m∏
i=1
xid.
Whence P ∪ {x} ⊂∏n−1i=1 zi y∏mi=1 xid. 
Lemma 3.2. Let H be a ﬁnite semihypergroup of type U on the right. For every non-empty subset A of H, there
exists an integer n 1 such that A ∪ εA ⊂ An.
Proof. If A is a non-empty subset of H and x is an element of A, by Lemma 2.1(a), (b), there exists
an integer t  1 such that ε ∈ xt . As a consequence we have
εA ⊂ xt A ⊂ At A = At+1 and A = Aε ⊂ Axt ⊂ AAt = At+1.
Hence (A ∪ εA) ⊂ At+1. 
Theorem 3.1. Let H be a ﬁnite semihypergroup of type U on the right andPH (ε) the family of hyperproducts
P of elements of H such that ε ∈ P . Then WH =⋃P∈PH (ε) P .
Proof. Let x, y be two elements of H such that xβ y and yβε, then there exist two hyperprod-
ucts A and B of elements of H such that {x, y} ⊂ A and {y, ε} ⊂ B . Obviously, we have ε ∈ εB
and εA ∩ εB = ∅ since A ∩ B = ∅. Moreover, by Lemma 3.2, there exists an integer n  1 such that
A ∪ εA ⊂ An . Thus, we have An ∩ εB = ∅, with ε ∈ εB . By Lemma 3.1, there exists a hyperproduct P
such that An ∪ {ε} ⊂ P , hence {x, ε} ⊂ A ∪ {ε} ⊂ An ∪ {ε} ⊂ P , that is xβε. Whence we have
xβ y and yβε ⇒ xβε. (1)
Now, suppose x ∈ WH . Certainly, we have xβ∗ε, thus there exist n elements z1, z2, . . . , zn of H such
that xβz1βz2β · · ·βznβε. Hence, by (1), we obtain xβε, that is x ∈⋃P∈PH (ε) P and WH ⊂⋃P∈PH (ε) P .
Finally, for all P ∈PH (ε), we have ϕ(P ) = ϕ(ε) = 1H/β∗ , hence ⋃P∈PH (ε) P ⊂ WH . 
Remark 3.1. If A is a subset of a semihypergroup H of type U on the right and ε ∈ A, then we have
the sequence of inclusions
A ⊂ A2 ⊂ · · · ⊂ At ⊂ · · · .
If H is ﬁnite, there exists an integer n  1 such that An = An+1. As a consequence An An = An ,
hence An is a subsemihypergroup of type U on the right of H containing the subset A. Thus, since
all subsemihypergroup of H contain the identity ε, by Theorem 3.1, we deduce the following
Corollary 3.1. The heart of a ﬁnite semihypergroup of type U on the right is the union of all subsemihyper-
groups of H that are hyperproducts of elements of H.
4. Minimal order for nontransitivity of β
It is known that if H is a hypergroup then the relation β is transitive, see [11]. This result, together
with the fact that the hypergroups are both left- and right-reproducible, has allowed to character-
ize the heart of some hypergroups by means of the union of a ﬁnite number of hyperproducts. In
particular, the heart of a ﬁnite hypergroup is a hyperproduct of elements of H . Finite and proper
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that their heart WH is the union of the subsemihypergroups of H that are hyperproducts of ele-
ments of H . In this section we prove that, in general, WH is not a hyperproduct of elements of H
and β is not transitive. A meaningful example of this fact is the semihypergroup of type U on the
right that we construct by considering two copies of H6 (see Theorem 2.1). Let P = {ε,b, c,d, e, f },
Q = {ε,b, c, g,h, i} and H = P ∪ Q . We deﬁne on H the following hyperproduct:
ε b, c,d, e, f , g,h, i
ε {ε} {b, c}
b {b} {ε, c}
c {c} {ε,b}
d {d} P − {d}
e {e} P − {e}
f { f } P − { f }
g {g} Q − {g}
h {h} Q − {h}
i {i} Q − {i}
It is rather simple to see that H is a semihypergroup of type U on the right. The subsemihypergroups
of H , that are hyperproducts of elements of H , are {ε} = ε2, εH = {ε,b, c} = b3, P = d3 and Q = g3.
Hence WH = H . Moreover, H is not a hyperproduct. Indeed, for all (z1, z2, . . . , zn) ∈ Hn , the hyper-
product
∏n
i=1 zi is contained in P or in Q whether z1 belongs to P or to Q . Furthermore, we remark
that in H the relation β is not transitive. Indeed, we have {d, ε} ⊂ P and {ε, g} ⊂ Q , but there not
exist hyperproducts that contain the set {d, g}.
Clearly, this example can be extended to a family {Pi}i∈I of copies of H6, with |I|  2. In fact, if
Pi = {ε,b, c,di, ei, f i} and H =⋃i∈I P i , then we deﬁne for all x, y ∈ H
xy =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
{x} if y = ε,
{b, c} if x = ε, y ∈ H − {ε},
{ε, c} if x = b, y ∈ H − {ε},
{ε,b} if x = c, y ∈ H − {ε},
Pi − {x} if x ∈ Pi − {ε,b, c}, y ∈ H − {ε}.
Now we prove that in all semihypergroups of type U on the right of size  8 the relation β
is transitive. Therefore, the minimal size for a semihypergroup of type U on the right to have a
nontransitive β is 9.
Proposition 4.1. Let H be a ﬁnite proper semihypergroup of type U on the right such that all subsemihyper-
groups K = H are hypergroups. Thus, for all x ∈ H − εH, there exists an integer k  3 such that H = xk and
the relation β is transitive.
Proof. Notice that εH = H since H is proper (see Lemma 2.1(e)). If x ∈ H − εH , by Lemma 2.1(a), (b)
there exists an integer n 2 such that ε ∈ xn . Moreover, by Remark 3.1, there exists an integer m 1
such that xnm is a subsemihypergroup of H . If xnm = H then, by hypothesis, xnm is a subhypergroup
of H , hence
x = xε ⊂ xxnm = xnmx = εxnmx ⊂ εHx = εH,
which is a contradiction. Thus H = xnm and the relation β is transitive. Finally k = nm  3 because
x = ε and x /∈ x2. 
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do not contain proper subsemihypergroups. In the following theorem this result is extended to proper
semihypergroups of type U on the right.
Theorem 4.1. Let H be a ﬁnite semihypergroup of type U on the right of size 8. Then all subsemihypergroups
K  H are subhypergroups.
Proof. By [10, Theorem 3.8], we can consider just the case in which H is a proper semihypergroup.
Thus, by Lemma 2.1(f), we have 6  |H|  8. If |H| = 6 then the only subsemihypergroups of H are
{ε} and εH (see table of H6 in Theorem 2.1). If |H| ∈ {7,8} and K = H is a subsemihypergroup of H ,
by [10, Lemma 3.3] we have |K | = |H| − 1. Hence, there are two possible cases:
1. |H| = 7 and |K | 5;
2. |H| = 8 and |K | 6.
In the ﬁrst case, by Lemma 2.1(f), K is a subhypergroup of H . In the second case, suppose by absurd
that K is proper. Apart of isomorphisms, K is the semihypergroup H6 of Theorem 2.1. Hence, if
H − K = {x, y}, by left-reproducibility of H we have y ∈ xb. As a consequence we deduce that
y ∈ xb ⊂ x(K − {d})= x(db) = (xd)b ⊂ (H − {x})b = (K ∪ {y})b
= Kb ∪ yb
= K ∪ yb.
Therefore y ∈ yb and b = ε, which is a contradiction. Hence, also in the second case, the subsemihy-
pergroup K is a subhypergroup of H . 
Corollary 4.1. If H is a semihypergroup of type U on the right of cardinality |H|  8, then the relation β is
transitive.
Proof. If H is a hypergroup then β is transitive (see [11]). If H is proper then the claim follows by
Proposition 4.1 and Theorem 4.1. 
In the next theorem we exploit the geometric space (H, P (H)) determined by family P (H) of the
hyperproducts of elements of H , as introduced in Section 2, in order to characterize the semihyper-
groups H whose heart is a hyperproduct of elements of H .
Theorem 4.2. Let H be a ﬁnite semihypergroup of type U on the right. Then the following conditions are
equivalent:
1. The heart WH of H is a hyperproduct of elements of H ;
2. The geometric space (H, P (H)) is strongly transitive.
Proof. 1 ⇒ 2 For all A, B ∈ P (H) such that A ∩ B = ∅ and for every x ∈ B , we have ϕ(A) = ϕ(B) =
ϕ(x). Thus we obtain that A ∪ {x} ⊂ ϕ−1(ϕ(x)) = WHx. This inclusion completes the proof since WH
is a hyperproduct of elements of H .
2 ⇒ 1 Notice ﬁrst that the relation β is transitive since the geometric space (H, P (H)) is strongly
transitive. Let A ⊂ WH be a hyperproduct of maximal cardinality. If WH = A, there exist x ∈ A and
b ∈ WH − A such that xβb. Hence, there exists a hyperproduct B of elements of H such that {x,b} ⊂ B .
Obviously, we have A ∩ B = ∅ and b ∈ B . Since (H, P (H)) is strongly transitive, there exists a hyper-
product C of elements of H such that A ∪ {b} ⊂ C . This is impossible since C ⊂ WH and A is a
hyperproduct of maximal cardinality. Thus WH = A. 
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In this section, we will show that the geometric space (H, Pσ (H)) associated to a left-reproducible
semihypergroup is strongly transitive. Moreover, we will use this fact to prove that the derived of a
ﬁnite semihypergroup H of type U on the right is a block of Pσ (H). The deﬁnition of the geometric
space (H, Pσ (H)) has been recalled in Section 2. With obvious changes, the same arguments can be
adapted to a right-reproducible semihypergroup.
We remark that, from Lemma 3.1 and Corollary 3.3 of [16], we have:
1. B(z1, z2, . . . , zn) = B(zσ(1), zσ(2), . . . , zσ(n)), for all σ ∈ Sn;
2. zB(z1, . . . , zn)z′ ⊂ B(z, z1, . . . , zn, z′);
3. If zk ∈ x1 · · · xm then
B(z1, z2, . . . , zn) ⊂ B(z1, . . . , zk−1, x1, . . . , xm, zk+1, . . . , zn);
4. B(z1, . . . , zn) · B(w1, . . . ,wm) ⊂ B(z1, . . . , zn,w1, . . . ,wm).
Theorem 5.1. Let H be a semihypergroup left-reproducible. Then (H, Pσ (H)) is a strongly transitive geometric
space and the relation γ is transitive.
Proof. Clearly, Pσ (H) is a covering of H , since for all x ∈ H we have {x} = B(x) ∈ Pσ (H). Moreover,
by left-reproducibility of H , we have that HxH = H , for all x ∈ H .
Let B1 = B(z1, . . . , zm) and B2 = B(x1, . . . , xn) two blocks of Pσ (H) such that B1 ∩ B2 = ∅, and let
x ∈ B2. If b ∈ B1 ∩ B2, since HxH = H = HbH , then there exist two pairs (y, y′) and (c, c′) of elements
of H such that zm ∈ yxy′ and x ∈ cbc′ . Then:
x ∈ cbc′ ⊂ cB(z1, . . . , zm)c′
⊂ B(c, z1, . . . , zm, c′)
⊂ B(c, z1, . . . , zm−1, y, x, y′, c′)
= B(z1, . . . , zm−1, y, c, x, c′, y′)
⊂ B(z1, . . . , zm−1, y, c, x1, . . . , xn, c′, y′).
Moreover, we have
B(z1, . . . , zm) ⊂ B
(
z1, . . . , zm−1, y, x, y′
)
⊂ B(z1, . . . , zm−1, y, c,b, c′, y′)
⊂ B(z1, . . . , zm−1, y, c, x1, . . . , xn, c′, y′).
Hence B(z1, . . . , zm)∪ {x} ⊂ B(z1, . . . , zm−1, y, c, x1, . . . , xn, c′, y′) and the geometric space (H, Pσ (H))
is strongly transitive. Finally, γ is transitive by virtue of [16, Theorem 2.5]. 
Theorem 5.2. Let H be a ﬁnite semihypergroup (or hypergroup) of type U on the right. Then we have
DH ∈ Pσ (H). Hence, there exists an n-tuple (z1, . . . , zn) ∈ Hn such that DH = ⋃σ∈Sn zσ(1) · · · zσ(n) =
B(z1, z2, . . . , zn).
Proof. If |DH | = 1 the claim is trivial since DH = {ε} = B(ε). Then, suppose that |DH | > 1 and let
DH = {ε, x1, . . . , xn}. Since H is left-reproducible, by Theorem 5.1, we obtain that the geometric space
(H, Pσ (H)) is strongly transitive and γ is transitive. Thus εγ xi , for all i = 1, . . . ,n. By deﬁnition, there
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moreover, x2 ∈ B2. Since (H, Pσ (H)) is strongly transitive, there exists a block C2 ∈ Pσ (H) such that
B1 ∪ x2 ⊂ C2, hence {ε, x1, x2} ⊂ C2. Analogously, we have ε ∈ C2 ∩ B3, therefore there exists a block
C3 such that C2 ∪ x3 ⊂ C3, whence {ε, x1, x2, x3} ⊂ C3. By iterating this argument, we obtain a block
Cn ∈ Pσ (H) such that DH ⊂ Cn . Finally, since ε ∈ Cn and Cn ∈ Pσ (H), we conclude εγ z, for all z ∈ Cn .
Thus, we have z ∈ γ ∗(ε) = ψ−1(ψ(ε)) = DH and Cn ⊂ DH . Hence DH = Cn ∈ Pσ (H). 
6. Minimal order of the equivalence classes of the fundamental relations β∗ and γ = γ ∗
If H is a semihypergroup of type U on the right and G is a group, a G-morphism of H is a
homomorphism g : H → G . This notion has been introduced in [10] in order to examine the com-
mon properties of the heart and of the derived of a ﬁnite semihypergroup of type U on the right.
In particular, in [10], the authors have proved that the kernel ker(g) = g−1(1G) of a G-morphism
g is a subsemihypergroup of H such that xker(g) ⊂ ker(g)x = g−1(g(x)), for all x ∈ H [10, Theo-
rem 4.1]. Moreover, when the kernel is proper, that is ker(g) = H , by [10, Theorem 4.8] we have
that |xker(g)|  3. Obviously, this result implies also |ker(g)x|  3. Now, in the following lemma,
we prove that the G-morphisms of ﬁnite and proper semihypergroups of type U on the right ver-
ify |ker(g)x|  6 for every x ∈ H . As a consequence we can determine the minimal order of the
equivalence classes of the fundamental relations β∗ and γ ∗ . Moreover, in the following section, we
will determine the minimal order of the ﬁnite semihypergroups of type U on the right that fulﬁll
WH = DH = H or WH = DH = H or WH = DH = H . The case WH = DH = H has been examined in
the paper [10] where it has been proved that 6 |H| 11 [10, Corollary 5.5].
Lemma 6.1. Let H be ﬁnite semihypergroup of type U on the right and let g : H → G a G-morphism. Then, for
all x ∈ H, there exists x′ ∈ H such that xx′ ⊂ ker(g).
Proof. By left-reproducibility of H , for all x ∈ H there exists x′ ∈ H such that ε ∈ x′x. Since ε ∈
ker(g), we have g(x′)g(x) = g(ε) = 1G and so g(x′) = g(x)−1. Thus g(xx′) = g(x)g(x′) = 1G and
xx′ ⊂ ker(g). 
Lemma 6.2. Let H be a ﬁnite and proper semihypergroup of type U on the right and let g : H → G be a
G-morphism of H with ker(g) = K . Then, for all x ∈ H, we have:
1. Kxb = Kx, for all b ∈ K ;
2. |Kx− εKx| 3;
3. |Kx| 6.
Proof. Remark ﬁrst that K is a proper semihypergroup of type U on the right [10, Theorem 4.2],
whence |K | 6. Moreover, from ε ∈ K we also have εKx ⊂ Kx, for all x ∈ H .
1. For every x ∈ H and b ∈ K , we have that g(Kxb) = g(x). Hence Kxb ⊂ g−1(g(x)) = Kx. Con-
versely, by left-reproducibility of H , if a ∈ Kx then there exists an element y ∈ H such that a ∈ yb.
Thus, we must have g(x) = g(a) = g(y)g(b) = g(y). Hence y ∈ g−1(g(x)) = Kx and a ∈ yb ⊂ Kxb.
2. Let x ∈ H and denote Kx = A. To prove that |A − εA|  3 we must show that A = εA,
A − εA = {l} and A − εA = {l,m}.
By Lemma 6.1, there exists x′ ∈ H such that xx′ ⊂ K and, by left-reproducibility of K , Kxx′ = K .
Hence, if A = εA then we have K = Kxx′ = εKxx′ = εK , which is impossible because K is not a
subhypergroup of H (see Lemma 2.1(e)).
Now, we suppose A − εA = {l}. By 1, for every b ∈ K − {ε}, we have Ab = A. Hence there exists
an element a ∈ A such that l ∈ ab. Certainly, a = l otherwise we have b = ε. Whence a ∈ εA and we
obtain the contradiction l ∈ ab ⊂ (εA)b = ε(Ab) = εA.
Finally, suppose that A − εA = {l,m}. Since K is a proper semihypergroup of type U on the right,
by Lemma 2.1(g) and left-reproducibility, there exist a,b ∈ K − {ε} such that ε ∈ ab and |ab| > 1. Let
86 D. Freni / Journal of Algebra 340 (2011) 77–89c ∈ ab − {ε}. By 1, we have Ac = A, hence
m ∈ A = Ac = (εA ∪ {l,m})c = (εA ∪mc) ∪ lc.
As a consequence we have m ∈ lc. Now, since {a,b} ⊂ K − {ε}, we deduce
Aa = A = Ab and la ⊂ A − {l} = εA ∪ {m}.
Thus we have
m ∈ lc ⊂ l(ab) = (la)b ⊂ (εA ∪ {m})b = εAb ∪mb = εA ∪mb,
whence m ∈mb which is impossible since b = ε.
We conclude that |A − εA| 3.
3. If K = H , for all x ∈ H , we have Kx = K and |Kx| 6.
If K = H , by [10, Theorem 4.8] we deduce that |yK |  3, for all y ∈ H . Now, if by absurd we
suppose that there exists x ∈ H such that |Kx| < 6, by point 2, we have |εKx|  2 since εKx ⊂ Kx.
Furthermore, by 1, KxK = Kx. Hence, if y ∈ εKx, we obtain yK ⊂ εKxK = εKx. As a consequence we
have the contradiction 3 |yK | |εKx| 2. 
Corollary 6.1. If H is a proper semihypergroup of type U on the right, then |H − εH| 3.
Proof. By Lemma 2.1(e), H = εH since H is proper. For every group G , the map g : H → G such
that g(x) = 1G , for all x ∈ H , is a G-morphism of H . Obviously, we have ker(g) = H . Hence, by
Lemma 6.2(2) and left-reproducibility of H , we conclude that |H − εH| = |Hx− εHx| 3. 
Corollary 6.2. Let H be a ﬁnite and proper semihypergroup of type U on the right. For every x ∈ H, we have
1. |WHx| 6;
2. WH = DH ⇔ WHx = DHx;
3. If WH = DH , then |DHx| 12.
Proof. 1. The claim follows from Lemma 6.2(3) since WH is the kernel of the G-morphisms ϕ .
2. By Lemma 6.1, for all x ∈ H there exists x′ ∈ H such that xx′ ⊂ WH ⊂ DH . Hence, by left-
reproducibility of WH and DH , we have
WHx = DHx ⇒ WHxx′ = DHxx′ ⇒ WH = DH .
The converse implication is trivial.
3. By the preceding point, if WH = DH then we have DHx− WHx = ∅, for all x ∈ H . If y ∈ DHx−
WHx then WHx ∩ WH y = ∅ and DHx = DH y. Finally, we obtain WHx ∪ WH y ⊂ DHx ∪ DH y = DHx
and the claim follows by Lemma 6.2(3). 
We observe that if H is a hypergroup of type U on the right, it can happen that the β-classes or
the γ -classes have less than six elements. Indeed, if H = {ε,b, c,d, e, f , g} is the hypergroup of type
U on the right whose hyperproduct is given by the table
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ε {ε} {b, c,d} {e, f , g}
b {b} {ε, c,d} {e, f , g}
c {c} {ε,b,d} {e, f , g}
d {d} {ε,b, c} {e, f , g}
e {e} { f , g} {ε,b, c,d}
f { f } {e, g} {ε,b, c,d}
g {g} {e, f } {ε,b, c,d}
then we have β = γ , |H/β| = 2, WH = {ε,b, c,d} and β(e) = WHe = {e, f , g}.
7. Minimal order semihypergroups of type U on the right with WH = DH or DH = H
In the article [10] the authors have proved that, if H is a ﬁnite and proper semihypergroup of
type U on the right with |H| 11 then WH = DH = H . Moreover, the direct product H × K of two
ﬁnite semihypergroups of type U on the right is such that WH×K = WH ×WK and DH×K = DH ×DK .
Whence, if H6 is the semihypergroup of type U on the right of size 6 and G is a ﬁnite group, we have
WH6×G = H6 × {1G } and DH6×G = H6 × DG . Thus, if we consider the cyclic group Z2, the symmetric
group S3 and the alternating group A5, we deduce
1. WH6×Z2 = DH6×Z2 = H6 × {0};
2. WH6×S3 = H6 × {1} and DH6×S3 ∼= H6 × Z3;
3. WH6×A5 = H6 × {1} and DH6×A5 = H6 × A5.
These examples fulﬁll respectively
1. WH = DH = H and |H| = 12;
2. WH = DH = H and |H| = 36;
3. WH = DH = H and |H| = 360.
In what follows, we prove that 12, 36 and 360 are the minimal cardinalities such that the conditions
WH = DH = H , WH = DH = H and WH = DH = H can be veriﬁed by a semihypergroup of type U on
the right.
Remark 7.1. If g : H → G is a G-morphism of a ﬁnite semihypergroup H of type U on the right, we
have
g−1
(
g(x)
)
g−1
(
g(y)
)⊂ g−1(g(x)g(y)), for all x, y ∈ H .
Moreover, since H if left-reproducible, for every a ∈ g−1(g(x)g(y)), there exists an element
b ∈ H such that a ∈ by. Certainly g(x)g(y) = g(a) = g(b)g(y), hence g(x) = g(b) and a ∈ by ⊂
g−1(g(x))g−1(g(y)). Thus, for all x, y ∈ H , we have
g−1
(
g(x)
)
g−1
(
g(y)
)= g−1(g(x)g(y)).
Now, if we consider the G-morphisms ϕ : H → H/β∗ and ψ : H → H/γ ∗ , since β∗ ⊂ γ ∗ , then there
exists a unique map δ : H/β∗ → H/γ ∗ such that δ(ϕ(x)) = ψ(x), for every x ∈ H .
The map δ is an epimorphism of groups. In fact, it is obvious that δ is surjective. Moreover, if
ϕ(x)ϕ(y) = ϕ(z) then
z ∈ ϕ−1(ϕ(z))= ϕ−1(ϕ(x)ϕ(y))= ϕ−1(ϕ(x))ϕ−1(ϕ(y))
= WHxWH y ⊂ DHxDH y.
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δ
(
ϕ(x)ϕ(y)
)= δ(ϕ(z))= ψ(z) = ψ(x)ψ(y) = δ(ϕ(x))δ(ϕ(y)).
Theorem 7.1. Let H be a ﬁnite semihypergroup of type U on the right and K = ker(δ). Then DH =
ϕ−1(DH/β∗ ).
Proof. Notice that DH = ϕ−1(K ) since
x ∈ DH ⇔ ψ(x) = 1H/γ ∗ ⇔ δ
(
ϕ(x)
)= 1H/γ ∗
⇔ ϕ(x) ∈ K ⇔ x ∈ ϕ−1(K ).
Now we prove that K = DH/β∗ . By the ﬁrst isomorphism theorem of groups, (H/β∗)/K is isomorphic
to the abelian group H/γ ∗ , hence DH/β∗ ⊂ K . Conversely, if ϕ(x) ∈ K , we have x ∈ DH = ϕ−1(K )
and xγ ε since the relation γ is transitive and ε ∈ DH . Whence there exist an integer n  1, an n-
tuple (x1, x2, . . . , xn) ∈ Hn and a permutation σ ∈ Sn such that x ∈∏ni=1 xσ(i) and ε ∈∏ni=1 xi . Now,
since (H/β∗)/DH/β∗ is abelian, there exists c ∈ DH/β∗ such that ∏ni=1 ϕ(xσ(i)) = c∏ni=1 ϕ(xi). As a
consequence
ϕ(x) =
n∏
i=1
ϕ(xσ (i)) = c
n∏
i=1
ϕ(xi) = cϕ
(
n∏
i=1
xi
)
= cϕ(ε) = c.
Thus ϕ(x) ∈ DH/β∗ and K ⊂ DH/β∗ . 
Corollary 7.1. Let H be a ﬁnite and proper semihypergroup of type U on the right. Then,
1. WH = DH = H ⇒ |H| 12;
2. WH = DH = H ⇒ |H| 36;
3. WH = DH = H ⇒ |H| 360.
Proof. 1. Since H = WH , we have |H/β∗| 2. Hence, by Corollary 6.2(1), we deduce that |H| 12.
2. In this case H/β∗ is not abelian since WH = DH . Whence we have |H/β∗| 6 and the thesis is
a consequence of Corollary 6.2(1).
3. Also in this case the quotient group H/β∗ is not abelian. Moreover, by Theorem 7.1, we obtain
H/β∗ = ϕ(H) = ϕ(DH ) = ϕ
(
ϕ−1(DH/β∗)
)= DH/β∗ .
Since the smallest non-abelian group G such that DG = G is the alternating group A5, we have
|H/β∗| |A5| = 60. Finally, by Corollary 6.2(1), we conclude that |H| 360. 
The direct products H6 × Z2, H6 × S3 and H6 × A5 supply three examples of minimal size that
verify the claims of Corollary 7.1. More elaborated examples that are not isomorphic to direct prod-
ucts, can be obtained by means of the following construction: Consider a group G , with identity 1,
and two families of sets {Ag}g∈G , {Bg}g∈G such that, for all g,h ∈ G ,
• Ag ∩ Ah = ∅ for g = h;
• Bg ⊂ Ag ;
• |Bg | 3;
• |Ag − Bg | 3.
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x ◦ y =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
{x} if x ∈ H, y = ε,
Bg − {x} if x ∈ Bg, y ∈ A1 − {ε},
Ag − {x} if x ∈ Ag − Bg, y ∈ A1 − {ε},
Bgh if x ∈ Bg, y ∈ Ah, h = 1,
Agh if x ∈ Ag − Bg, y ∈ Ah, h = 1.
Then, straightforward computations prove that (H,◦) is a proper semihypergroup of type U on the
right such that WH = A1 and DH =⋃g∈DG Ag . Moreover, taking as G one of the groups Z2, S3 or
A5, and letting |Ag | = 6, |Bg | = 3 for all g ∈ G , one obtains examples of minimal size that verify the
three claims of Corollary 7.1.
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